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P(rq <t) =P( sup Bs > a). (1)
0<s<t
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Reflection Principle: Branching at the First Passage Time r;
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import numpy as np
import matplotlib.pyplot as plt
# Parameters
a = 0.5
T = 0.5
dt = 0.001
n = int(T / dt)
np.random.seed (3)
# Brownian motion
t = np.linspace(0, T, n)
dB = np.sqrt(dt) * np.random.randn(n)
B = np.cumsum(dB)
# First passage time r_a = inf{t : B_t > al}
hit_idx = np.argmax(B > a)
r_a = t[hit_idx]
# Path up to 7T_a
t_pre = t[:hit_idx+1]
B_pre = B[:hit_idx+1]
# After r_a: original and reflected paths
t_post = tl[hit_idx:]
B_up = Bl[hit_idx:]
B_down = 2%a - B_up # reflection w.Tr.t. y = a

# Plot

plt.figure(figsize=(7, 4))

plt.plot(t_pre, B_pre, linewidth=2)

plt.plot(t_post, B_up, linewidth=2, label="original path")
plt.plot(t_post, B_down, "--", linewidth=2, label="reflected path")




plt.axhline(a, linewidth=1)
plt.scatter([r_al, [al, s=40)

plt.xlabel("t")

plt.ylabel ("X(t)")

plt.title("Reflection,Principle: Branching at the First Passage Time
$r_ag")

plt.legend ()

plt.tight_layout ()

plt.show ()
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